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Abstract

We provide a principled framework for non-parametrically learning activation functions
in deep neural networks. Currently, state-of-the-art deep networks treat choice of
activation function as a hyper-parameter before training. By allowing activation functions
to be estimated as part of the training procedure, we expand the class of functions
that each node in the network can learn. Building on recent advances in stability
bounds for stochastic gradient methods, we provide a theoretical justification for our
choice of nonparametric activation functions and demonstrate that networks with our
nonparametric activation functions generalize well (Hardt et al., 2015). To demonstrate
the power of our novel techniques, we test them on image recognition datasets and
achieve up to a 15% relative increase in test performance compared to the baseline.

1 Introduction

Deep learning techniques have proven particularly useful in the classification setting, recently
surpassing even human performance on some image-classification tasks. We seek to advance the
state of the art by learning not only weights between neurons in the network but also part of the
network structure itself — the activation functions. Current deep learning literature largely focuses
on improving architectures and adding regularization to the training process.

By contrast, the realm of learning the network structure itself is relatively unexplored. Current
best practice often treats network size, shape and choice of activation function as a hyper-parameter
to be chosen empirically. Instead, we propose to learn the activation functions through nonparametric
estimation. We introduce a class of nonparametric models for activation functions. Importantly, we
ensure that our technique can be incorporated into the back-propagation framework. This is crucial
because it means our method can be easily added to current practices. To this end, we propose
learning functions via basis expansion. We find that using a Fourier basis works well in practice
and offers improved performance over the baseline on several benchmark datasets. We see relative
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improvements in test error rates of up to 15%. Nonparametric activation functions in dropout nets
are especially successful.

We also introduce a two-stage training process. First, a network without nonparametric activation
functions is trained. Then, the learned network is used as an initialization for an identical network
with nonparametric activation functions. This method of initializing the network yields considerable
improvements in performance for convolution neural networks on image classification tasks.

Lastly, we consider the algorithmic stability approach to accessing generalization bounds. We use
this to demonstrate that feed-forward networks with our method of nonparametrically estimating
activation functions generalize well.

To summarize, our contributions are the following: (1) a theoretically justified framework for
learning activation functions in a neural network, (2) provable bounds on the generalization error of
networks where the activation functions are learned, and (3) an optional two-stage training process
that can greatly improve results for certain network architectures, especially those with convolution
layers.

Related Works. Recent work by Agostinelli et al. Agostinelli et al. (2015) describes piecewise
linear activation functions. Jin et al. Jin et al. (2016) propose a new activation called the SReLU
(S-shaped rectified linear unit) that consists of 3 piecewise linear components that can be tuned
during training. Theoretically speaking, our approach improves upon these by fully exploring the
space of possible activation functions — not merely considering those which are piecewise linear.

Learning activation functions, in conjunction with the weights in the layer transformations,
allows for the fitting of an arbitrary function of the output of the previous layer. A similar idea
is Network in Network Lin et al. (2013). In that work, the authors propose to replace standard
convolution layers with what they call mlpconv layers. Traditional convolution layers, if using a
sigmoid activation, are essentially learning a generalized linear model of the previous layer’s output.
Their innovation is to use a more general nonlinear function estimator as the filter — a multilayer
perceptron. Thus, their scheme fits in the back-propagation framework and so is easy to implement.
Our approach is different because though we are learning arbitrary functions of the previous layer,
our activation function approach can be used in any layer of the network and in networks without
convolution layers, which theirs cannot.

Maclaurin et al. Maclaurin et al. (2015) propose to learn the hyper-parameters of a neural net
through reverse gradient descent. This is similar to the work we present here in that they also
provide a method for learning hyper-parameters of the network.

Other relevant works on the design and selection of activation functions include Goodfellow et
al. Goodfellow et al. (2013), who introduce the maxout unit, which outputs the maximum of all its
inputs. They show that a multi-layer network with just two maxout units can approximate any
continuous function. Clevert et al. Clevert et al. (2016) study a type of activation they call the
exponential linear unit, designed to help alleviate the vanishing gradient problem in deep neural nets.
Both these works differ from ours in that they do not learn the activation function in a data-driven
manner, but rather design and select it beforehand.



-2 3 -1.25

-8 - : G 2a0L

Figure 1: Results for 2-D Gaussian Data. Left to right: decision boundary for z € R? using
nonparametric activation, decision boundary for z € R? using ReLU activation, and a plot of the
fitted nonparametric activation function.

2 Case Study — 2-dimensional Gaussian Data

Before introducing our nonparametric activation functions, we consider a simple example with
2-dimensional data to build intuition as to why learning nonparametric activation functions can be so
useful. Denoting by (x;,7;) € R?x{0, 1} an element in the sample, the generating distribution is given
by p(zily; = 0) = AN([-1.5,-1.5],I) + N ([1.5,1.5], 1) and p(z;|y; = 1) = $N([—1.5,1.5],I5) +
3N([1.5,—1.5],I,), where N(p,X) denotes the Gaussian density function. Here this distribution
is over the input to the network, but in a deeper network such distributions of values could also
appear as the output of the previous layer. To study how nonparametric activation functions handle
such distributions of data, we fit a one layer network with one hidden node.

In the case we just considered, the activation function is active at the two extremes, but not
in between as can be seen in Figure 1. Also in Figure 1 are plots of the conditional probability
p(y = 1|z) — yellow represents a probability close to one. Clearly, the model with the nonparametric
activation function offers a much better fit.

The result here is not surprising, but it does illustrate why these types of activation functions
will be useful for higher dimensional data. For certain input data, or higher level features deeper
in the network, activation functions that are only active at the extremes allows for more nuanced
representations to be learned. Importantly, using nonparametric activation functions allows for
a mixture of activation functions like that in Figure 2 and more traditional sigmoidal activation
functions to be present in the fitted model — notably, without having to specify them before training
as a hyper-parameter.

3 Nonparametric Activation Functions

Here we describe our main contribution: the nonparametric activation function model. We also
provide justification for a weight tying scheme to use nonparametric activations in conjunction with
convolution layers, a regularization which proves powerful empirically (see Section 5).
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Figure 2: Examples of activation functions learned for convolution layers on CIFAR-10. Specifically
these are of the type NPFC(4, 1), with k& = 5.

3.1 Fourier Basis Expansion for Activation Functions

For the nonparametric estimation we use a Fourier series basis expansion. One concern, however,
with Fourier basis expansion is that function approximation over a fixed interval often exhibits poor
tail behavior. To combat that, we fit the approximation over an interval [—L, L] and then use it
over truncation of the interval, [-L + T, L — T'|. The designation NPF stands for Nonparametric
Fourier Basis Expansion for Activation Functions.

Definition 3.1. Let n be the sample size, [—L, L] and interval and T a scalar satisfying 0 <7 < L.
Then the activation function NPF (L, T') is parametrized by (ao, ..., ax) and (by,...,bx) and defined
as f(z) =ap+ Zle a;C;i(x) 4+ b;S;(x), where

cos((-L+T)ir/L) =< -L+T,

Ci(x) = { cos(imz/L) —L+T<z<L-T,
(cos((L = T)ir/L) x>L-T,

and .
sin((-L+T)in/L) x<—-L+T,

Si(x) = ¢ sin(irz/L) —L+T<z<L-T,
sin((L—T)ir/L) x>L-T.

The number of bases k grows with sample size n and is given by k = [n!/7].

We choose to present basis expansion of arbitrary functions on the interval [—L, L] because it
is thought to be advantageous in practice to train neural networks with activation functions that
are anti-symmetric through the origin (LeCun et al., 1998). Though the nonparametric activation



functions learned may not be symmetric about the origin, this approach will hopefully result in
them being as close to symmetric as possible.

These can be incorporated into a neural network by having each node estimate a different
activation function. However, in the convolution layers, one activation function is learned per filter.
The power of a convolution net is the weight tying scheme in the convolution layers, and we preserve
that by only estimating one activation function per filter. In Section 5 the effectiveness of this
approach can be seen. NPFC(L,T) is the notation for the nonparametrically estimated activation
functions in convolution layers. Figure 2 shows some examples of activation functions learned on

the CIFAR-10 dataset.

3.2 Training with Learned Activation Units

A practical difficulty is that training nonparametric deep nets can be unstable, especially for networks
with convolution layers. To remedy this our two-stage procedure is given as a generic description in
Algorithm 1. In the two-stage procedure, we first train a network with nonparametric activations
only in the fully connected layers. Then, in the second-stage, we use the result of the first stage to
initialize training of a network with nonparametric activations in all layers.

Algorithm 1 Two Stage Training for Nonparametric Deep Learning

1: Input: A network architecture, hyper parameters 7', L

2: Instantiate a network with ReLU activations in convolution layers and NPF (7, L) in all others.

3: Run training algorithm of choice.

4: Create a new network with NPFC(T', L) activations in convolution layers and NPF(T', L) in all
others.

. Instantiate all weights from the trained network.

. Instantiate NPFC(T, L) as desired.

: Run training algorithm of choice.

L J O Ot

: Return: Network weights resulting from the second training.

One point that is not immediately clear, however, is how to initialize NPF(L,T) activation
functions. A good initialization, of any parameter in the network, is crucial to the success of fitting
the model. We choose to initialize them to the Fourier series approximation of the tanh function.
This works quite well as seen in Section 5.

Also left to choice is how to perform both stages of training. Of particular interest is the training
method used for the second stage. We explored the following two approaches: (1) in stage 2, train
only the nonparametric activation functions, holding the remainder of the network parameters
constant, or (2) in stage 2, train all parameters in the network together. We discovered that both
methods are successful, but allowing for the activations and weights in the network to be trained
together gave slightly better results empirically, so it is those that are reported in Section 5. To see
an example of the path of the training and testing errors during training, see Appendix A.



4 Generalization Bounds for Nets with Nonparametric Activation
Functions

4.1 Preliminaries and Recent Work

For our model to be theoretically sound, its generalization error should vanish with a sufficiently
large sample size. This is true for standard neural networks, and such generalization bounds are well
known (for example via VC bounds (Anthony and Bartlett, 1999)). However, because we expand
the function class, we can not naively apply the traditional results. Instead of the VC bound route,
we take the algorithmic stability approach.

In recent work, Hardt et al. Hardt et al. (2015) explores a class of bounds for stochastic gradient
methods (SGM). They build on the definition of stability given in Bousquet et al. Bousquet and
Elisseeff (2002). Denote by f(w, z) some loss function of the output of a model, where w indicates
the parameters of the learned model and z is an example from X X Y, the space of data and labels.
A is an algorithm and D is the training data. Denote w = A(D) as the parameters of the model
learned by the algorithm A. We use the slightly non-standard definition given below (see Hardt
et al. (2015)).

Definition 4.1. An algorithm is e-uniformly stable if for all data sets D, D’ € (X x Y)" such
that D, D’ differ in at most one example, we have sup, E4[f(A(D),z) — f(A(D'),z)] < e. The
expectation is taken with respect to any randomness present in the algorithm itself. By egq,(A, 1),
denote the infimum over all € for which the statement holds.

Proposition 4.2 captures the generalization ability of e-uniformly stable algorithms (Bousquet
and Elisseeff, 2002; Hardt et al., 2015).

Proposition 4.2 (Bousquet et al., Hardt et al. Bousquet and Elisseeff (2002); Hardt et al. (2015)).
Take some e-uniformly stable algorithm A. Then |Ep 4[Rp[A(D)] — R[A(D)]]| <e.

The notation Rp[w] signifies the empirical risk when the loss function depends on w in addition
to z. Likewise for the notation Rp[A(D)]. Proposition 4.5, shown in Hardt et al. Hardt et al.
(2015), allows the derivation of a generalization bound for our model when trained with stochastic
gradient descent.

Definition 4.3. A function f is L-Lipschitz if for all points u, v € dom(f), |f(u)— f(v)| < L||u—wv||.
Definition 4.4. A function f : Q — R is S-smooth if for all u,v € Q, ||V f(u) =V f(v)|| < B|lu—v]].

Proposition 4.5 (Hardt et al, (Hardt et al., 2015)). Assume that f(;z) € [0, 1] is an L—Lipschitz
and S-smooth loss function for every z. Suppose that we run SGM for T" steps with monotonically
non increasing step sizes ay < ¢/t. Then SGM has uniform stability with

In particular, up to some constant factors, the following relationship approximately holds €z <
T1-1/(Bet1)—1.



In order to apply the theorem, we demonstrate our network architecture and choice of loss
function meets this requirement. Once e-stability is established, generalization follows by Proposition
4.2.

4.2 Feed-forward Networks with Nonparametric Activations

To analyze the generalization performance of networks with our nonparametric activation functions,
we consider the following setting: let the network architecture consist of ) fully connected hidden
layers (affine transformation layers) fed into a softmax layer which classifies into one of ¢ classes.
The weight vector for the network w is viewed as the all parameters of the affine transformations
and activation functions.

The loss function is the negative log-likelihood of the network output, which is a softmax over ¢
classes. We treat the softmax layer as two layers for the purposes of demonstrating the generalization
bound. One layer is an affine transformation of the output of the lower layers in the network to ¢
nodes. We will denote the result of this computation at each node ¢ in the affine transformation
layer within the softmax layer as ggy1(w,z);. The second layer maps the outputs at these ¢ nodes
to ¢ nodes — this will be the network output. It computes at the i** node

exp 9Q+1(w»$)z‘
25:1 €xXp 9Q+1(wafﬂ)z‘

oi(w,x) =

Thus, on some training example (z,y), the negative log-likelihood of the network output is

C
f(w, (x,y)) = —log(oy(w,z)) = —ggu1(w, ), +log Y exp gg1(w, ).
i=1
If we can demonstrate that this f has the desired properties, then the generalization bound given in
Section 4.1 will apply.

Remark 4.6 (Minor Technical Considerations). One point to note is that in order to control the
gradients of the various transformations in the layers in the network, we need to control the norm
of the weight matrices W and biases b in the affine layers and the coefficients of the activations
NPF(L,T). This is a common technique and is compatible with the aforementioned SGM framework,
as it only makes updates less expansive. Note that though f does not have range [0, 1], it is bounded
due to the max-norm constraints and can be rescaled. Because the activation functions are defined
piecewise, some smoothing is needed in order to derive the generalization bound. In practice the
smoothing is not a concern as it can be assumed to take place in an e-neighborhood of the transition
from one piece of the activation function to another. The smoothed nonparametric activation
functions are denoted NPF (L, T).

Theorem 4.7. Consider a fully connected network with a softmax output layer and NPF(L,T')
activation functions. Then, for all reasonable choices of L,T¢,QQ and p, the resulting Lipschitz
constant K and smoothness constant [ are sufficiently large that egqp < T'/(n — 1). Thus if
T = O(\/n), €stap — 0 as sample size n — 0.



Table 1: MNIST baseline (above the divide) and experimental (below the divide) results. Conv.
Act. is the activation function in the convolutional layers (if present). F.C. Act. is the activation
function in the fully connected layers. Epochs is the mean number of epochs in training. Results of

note appear in bold.
Architecture ‘ Dropout ‘ Conv. Act. ‘ F.C. Act. ‘ Best Error ‘ Mean Error ‘ Epochs

CNN No ReLU ReLU 0.88% 0.96% 51
CNN Yes ReLU ReLU 0.78% 0.84% 55
CNN No ReLU [ NPF(4,1) [ 0.82% 0.87% 39
CNN Yes ReLU | NPF(4,1) | 0.66% 0.74% 72
CNN No | NPFC(4,1) | NPF(4,1) | 0.77% 0.84% 37
CNN Yes | NPFC(4,1) | NPF(4,1) | 0.64% 0.69% 81

Proof. The proof idea is to bound the first partial derivatives of the loss function f with respect
to each parameter in the network. Then we can proceed recursively down through the network to
obtain a bound. From there the norm of the gradient can be bounded, implying the loss function
f is Lipschitz. Then we can bound |[Amax(V?f)| and thus the largest singular value. This gives
an upper bound of 3 on ||V2f||2, implying f is S-smooth. By Proposition 4.5 the result is then
immediate. O

See Appendix B for a complete proof of Theorem 4.7.

5 Experimental Results

In this section we provide empirical results for our novel nonparametric deep learning model. The
goal of these experiments is to demonstrate its efficacy when used with several different architectures
and on several different datasets, not to beat the current best result on either dataset. Crucially, our
experiments provide an apples to apples comparison between networks with identical architectures
and employing the same regularization techniques — the only difference is the choice of activation
function. The generalization results from Section 4 are directly relevant to the experimental results
here. In all experiments listed in this section, the reported testing error is an estimation of the

generalization error because the final training error was zero in all cases.

Implementation, Regularization and Architectures. To implement the various deep archi-
tectures, we use the Python CPU and GPU computing library Theano (Bergstra et al., 2010). We
use Theano as an interface to the powerful CUDA and CuDNN libraries enabling fast training
for our neural networks (Nickolls et al., 2008; Chetlur et al., 2014). We ran our experiments on
Princeton’s SMILE server and TIGER computing cluster. The SMILE server was equipped with a
single Tesla K40c GPU, while the TIGER cluster has 200 K20 GPUs.

We use early stopping and dropout as regularization techniques in our experiments and the error
rate reported for each experiment is the lowest testing error seen during training (Srivastava et al.,
2014; Hardt et al., 2015).



A common deep network architecture consists 3 stacked convolutional layers with 2 fully
connected layers on top (Srivastava et al., 2014; Agostinelli et al., 2015). The convolutional layers
have 96, 128, and 256 filters each and each layer has a 5 x 5 filter size that is applied with stride 1
in both directions. The max pooling layers pool 3 x 3 fields and are applied with a stride of 2 in
both directions. We use this architecture for the more challenging CIFAR-10 dataset.

MNIST. This dataset consists of 60,000 training and 10,000 testing images. Images are 28 x 28
rasterized grayscale images. All data points are normalized before training by taking the entire
combined dataset, finding the maximum and minimum entry, then centering and rescaling. The
dataset is from LeCun Lecun and Cortes (1999).

The experiments investigate the effects of our techniques on convolutional neural networks
applied to the MNIST dataset (for experiments on standard multilayer neural networks as well see
Appendix A). The convolutional neural networks in these experiments have two convolutional layers
with 32 and 64 filters respectively. Filters are 5 x 5 and these layers are followed by a max pooling
layer with 2 x 2 pool size. After these layers is one affine transformation layer with 200 units, fed
into a 10-way softmax. A mini-batch size of 250 was used for all experiments.

The experiments are done with standard (ReLU and tanh) activations and then with NPF(L,T)
activations. We use the same fully connected and convolutional architectures with all activation
functions. Table 1 contains the baseline comparison and experimental results.

Learning activation functions via Fourier basis expansion offers sizable improvements on the
MNIST dataset as can be seen in Table 1. No experiments were done using our two-stage technique,
as it proved unnecessary on this comparatively easy to learn dataset. Notice that the weight tying
in the NPFC activation makes a considerable difference for the convolution nets, especially when
dropout is used in conjunction with learning the activation functions. The biggest improvement is
seen when learning activations for both convolution and fully connected layers and using dropout — a
relative 15% improvement over the baseline. Using ReLU activations in the convolution layers with
nonparametric activations in the fully connected layers also offered sizable performance improvements
over the baseline.

CIFAR-10 and CIFAR-100 The CIFAR-10 and CIFAR-100 datasets are due to Krizhevsky
et al. Krizhevsky (2009). These datasets consists of 50,000 training and 10,000 test images. The
images are three channel color images with dimension 32 x 32. Thus each image can be viewed
either as a 3 x 32 x 32 tensor or a vector of length 3072. The CIFAR-10 images belong to one of
ten classes and the CIFAR-100 images belong to one of 100 classes. We apply ZCA whitening and
global contrast normalization to the dataset as in Srivastava et al. Srivastava et al. (2014). The
architecture described above is used for all experiments. For dropout nets we follow Srivastava et al.
Srivastava et al. (2014) and use a dropout of 0.9 on the input, 0.75 in the convolution layers and
0.5 in the fully connected layers. Mini-batch sizes between 125 and 250 are used, depending upon
memory constraints.

The results of the baseline comparison and nonparametric activation function experiments can
be seen in Table 2. In Table 2, one-stage training corresponds to standard back-propagation as in
the baseline experiments. The two-stage procedure is the one we introduce to train convolution



Table 2: CIFAR10/100 baseline (above the divide) and experimental (below the divide) results.
Conv. Act. is the activation function in the convolutional layers. F.C. Act. is the activation function
in the fully connected layers. In both cases it is the activation in the final stage of training (if two
stages are used). For two stage training, the number of epochs for both the first and second stages

are given. Results of note appear in bold.
Dataset ‘ Stages ‘ Drop. ‘ Conv. Act. | F.C. Act. ‘ Best Error ‘ Avg Error ‘ Epochs

CIFAR-10 | Ome | No ReLU ReLU 19.23% 19.46% 64
CIFAR-10 | Ome | Yes ReLU ReLU 14.52% 15.20% 147
CIFAR-100 | One | No ReLU ReLU 51.34% 51.92% 79
CIFAR-10 | One | No | NPFC(4,1) | NPF(4,1) | 20.09% 20.35% 36

18.58% 19.00% 68

)
CIFAR-10 | One | No ReLU | NPF(4,1)
)| 14.04 % | 14.77% 124
)
)
)

(4,1
CIFAR-10 | One Yes ReLU NPF(4,1
CIFAR-10 | Two | No | NPFC(4,1) | NPF(4,1) | 18.26% | 18.79% | 60/61

NPF(4,1) | 13.22% | 13.56% | 140/64
NPF(4, 1

48.01% 48.55% 76

CIFAR-10 | Two Yes | NPFC(4,1)
CIFAR-100 One No ReLU

nets with learned activation functions described in Section 3.2. By using the two-stage process we
see a relative 5% boost in performance without dropout and a relative 9% boost with dropout on
the CIFAR-10 dataset! In absolute terms we achieve up to a 1.3% improvement in generalization
performance using learned activations. It is also clear that one stage training does not work well
when learning nonparametric activations in convolution layers — the test error is worse than the
baseline results — illustrating the necessity of the two stage procedure.

Also in Table 2, we can see that we achieve improved performance both with and without
dropout when using ReLU activations for convolution layers and NPF(4,1) for fully connected
layers. Furthermore, Figure 3 shows that in terms of the number of weight updates required, adding
nonparametric activations did not slow training.

In addition to the exhaustive experiments on the CIFAR-10 dataset, we conduct several experi-
ments using the CIFAR-100 dataset. The results confirm the improvements in test performance due
to using nonparametric activations that we see on the easier MNIST and CIFAR-10 datasets. Table
2 shows that using nonparametric activation functions without dropout yields gains of 3 percentage
points in best test error rate on CIFAR-100.

Advantages over Networks With Sine and Cosine Activations. One natural question that
arises in light of our results is why do we not simply replace each node that has a nonparametric
activation function with 2k nodes, each with activation function corresponding to one of the 2k
terms in the basis expansion. The resulting model class is similar to, but not the same as, the class
of models with nonparametric activation functions. As it turns out, our approach offers several
significant advantages.

The first advantage of our approach is that it requires significantly fewer parameters. To see this,
consider a feed-forward network with p nodes per layer. Using NPF(L, T activation functions, each
affine transformation requires p? + p parameters. If instead we replace each node with 2k nodes,
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we now would need 4k%p? + 2kp parameters for each layer. Of course, there are various weight
tying schemes one could impose that would bring down this number, but nonetheless there will be a
significant increase in the number of total parameters. With current techniques already pushing the
limits of what the state-of-the-art hardware can handle, increasing the memory required to hold the
network parameters and computational power needed for gradient updates is problematic.

The second advantage is that it provides additional structure on the network. To confirm the
importance of this structure, we ran some experiments on the MNIST dataset using sine and cosine
activations as described above. Using the setup described above for a 3-layer feed-forward network
with 2048 units per layer and no dropout, we achieve a best test error of 2.52% — a significant
decrease from the baseline of 1.65% test error. Based on those results, it is clear that the additional
structure imposed by using the activation functions NPF(L,T') over sine and cosine activations
alone leads to better results.

6 Discussion and Conclusions

As can be seen in Section 5, nonparametric activation functions offer a meaningful improvement in
the generalization performance of deep neural nets in practice. We achieve relative improvements in
performance of up to 15% and absolute improvements of up to 3% on three benchmark datasets.
Equally importantly, networks with the activation functions NPF(L,T) and NPFC(L,T) can be
trained as fast as their baseline comparison. To realize these improvements on more challenging
datasets, such as CIFAR-10 and CIFAR-100, we introduced a two-stage training procedure. Our
nonparametric activation functions are principled in that they have the necessary properties to
guarantee vanishing generalization error. Specifically, it was shown in Theorem 4.7, from Section
4.2, that for any feed-forward network architecture using NPF(L,T') activation functions, we achieve
vanishing generalization error as sample size increases.

One interesting direction for future work is to investigate why Fourier basis expansion is successful
where other methods, such as polynomial basis expansion (which we also explored), were not. Both
can be theoretically justified, yet only one works well in practice. Further study of how to eliminate
the two-stage process is needed.

Ultimately, we improve upon other approaches of expanding the function class which can be
learned by deep neural networks. Previously, the most powerful such approach was Network in
Network — a type of convolution filter that can learn a broader function class — which is limited
because its use is restricted to only the convolution layers in convolution neural networks. Ours is
applicable to any network architecture and, in Section 5, we demonstrate its success on multiple
datasets.
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A Additional Experimental Results

This appendix contains additional experiments and results, beyond those in Section 5. Figure
3 shows the training and testing error paths of convolutional nets with and without NPF (L, T")
activation functions. Figure 4 shows a typical training path for a convolution network on the
CIFAR-10 dataset. The network being trained in that figure has three convolution layers followed
by two fully connected layers. It is initially trained with rectified linear units as activations in the
convolution layers and with NPF(4, 1) activations in the fully connected layers. The stage two
network, instead, has NPFC(4, 1) activations in the convolution layer.

Table 3 contains all the experimental results on the MNIST dataset (a superset of those in
Section 5). For experiments with a feed-forward architecture (denoted NN in Table 3, we use
networks with three fully connected hidden layers with 2048 units in each layer fed into a 10-way
softmax. An improvement in the test error rate is also seen for feed-forward networks with three
fully connected layers. Here, again, the improvement is more pronounced with dropout than without,
decreasing from 1.35% to 1.10% versus 1.66% to 1.60%.

Test Error Rate on CIFAR-10
I I - - N I
Single-Stage Training with NPF(4,1) Activations

90 -

80 A\ Baseline CIFAR-10 B
70 |\ . . - - - ‘ -
6041 : s ‘ -
ot |
5 50 : S— ‘ -
240 ‘ S ‘ &
m
30\ "
20 = - E
10 - -
oL i [ i g
0 5000 10000 15000 20000

Number of Weight Updates

Figure 3: Test/train error paths for a convolution neural net trained on CIFAR-10. Each line
represents one network trained with random initialization.
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Error Rates on CIFAR-10 using Two Stage Training

Training Error

—— Test Error
70%‘7
60% 1\
[
) 2l
5 50% A
~ A
2 A0% |
= : \
o7, =\l . ; "
30/”‘ \ ‘ Begin Stage Two
20% o N \ S R
10% -
[0/ S i \“ i i
0 20 40 60 80 100

Epochs Trained

Figure 4: An example of the train/test error path during two-stage training.

Table 3: MNIST baseline (above the divide) and experimental (below the divide) results.

Architecture | Dropout ‘ Conv. Act. ‘ F.C. Act. ‘ Best Error ‘ Mean Error ‘ Epochs

NN No N/A tanh 1.66% 1.79% 69
NN No N/A ReLU 1.65% 1.76% 57
NN Yes N/A ReLU 1.35% 1.42% 60
CNN No ReLU ReLU 0.88% 0.96% 51
CNN Yes ReLU ReLU 0.78% 0.84% 55
NN No N/A NPF(4,1) [ 1.60% 1.64% 35
NN Yes N/A NPF(4,1) | 1.10% 1.20% 119
CNN No ReLU | NPF(4,1) | 0.82% 0.87% 39
CNN Yes ReLU | NPF(4,1) | 0.66% 0.74% 72
CNN No NPF(4,1) | NPF(4,1) | 0.78% 0.86% 40
CNN Yes NPF(4,1) | NPF(4,1) | 0.77% 0.95% 80
CNN No | NPFC(4,1) | NPF(4,1) | 0.77% 0.84% 37
CNN Yes | NPFC(4,1) | NPF(4,1) | 0.64% 0.69% 81
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B Generalization Bound For Fully Connected Networks with Fourier
Basis Activation Functions

Here we provide a proof of the generalization bound given in the main body of the paper. First
we will describe the setting and define notation, next we introduce a smoothing of the NPF (L, T)
activation functions, then we bound the Lipschitz and smoothness constants of the loss function,
and lastly prove the main result.

B.1 Setting and Notation

We consider a feed-forward network architecture consisting of @ fully connected hidden layers (affine
transformation layers) fed into a softmax layer. This softmax layer classifies the input into one of ¢
classes. Denote by w the weight vector for the network w. w consists of all parameters of the affine
transformations and activation functions. Furthermore, we assume that all data x are vectors in
[—1,1]™. This is permissible because we classify input that is bounded.

We consider as the loss function the negative log-likelihood of the network output, which is a
softmax over c classes. We assume that the model is fitted to the data by using a stochastic gradient
method applied to the negative log-likelihood loss function.

For clarity, the softmax layer in our framework is treated as two stacked layers. The first layer is
an affine transformation of the output of the lower layers in the network to ¢ nodes. We will denote
the result of this computation at each node ¢ in the affine transformation layer within the softmax
layer as gg+1(w, x);. The second layer maps the outputs at these ¢ nodes to ¢ output nodes — these
are the network output. It computes at the the i*” output node

exp 9Q+1(w7 96')72
Zle exp 9Q+1(w, JJ)Z

oi(w,z) =

Thus, on some training example (x,y), the negative log-likelihood of the network output is given by

C
f(w’ (x7 y)) == log(Oy(wv :C)) = _gQ+1(w’ x)y + log (Z €xp gQJrl(wv x)l> :
i=1
If we can demonstrate that this f has the desired properties, then the generalization bound given in
Section 4 of the paper will apply.

By the term “fully connected network”, we refer to network of stacked affine transformation
layers. These layers compute the transformation Wz + b, where z is either the input layer (so
x € [—1,1)™) or it is the output of the previous layer in the network (in which case = € R, p being
the number of nodes in the previous layer). Notationally, we follow these conventions:

e w denotes a vector denoting all the parameters in the network — it consists of all parameters
listed below.

e W, denotes the parameters corresponding to the affine transformation of the p;_1-dimensional
output of the (i — 1) layer to the p;-dimensional input to the i** layer in the network.
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o W, ; denotes the 4% row of the matrix W;.

o W, ;1 refers to the weight of the edge from node j in the (i — 1) layer to edge k in the **
layer.

e b; denotes the constant term in the affine transformation from the (i — 1)** layer to the it
layer.

e b; j denotes the j* component of the vector b;.

° aé’j , (ai’j ye ,aZ’j ) and (b’i’j e b;c’j ) denote the parameters of activation function of the j™*
node in the i** layer. Here, k represents the number of bases in the basis expansion of the

activation functions defined in Section 3.

By convention, we consider the input layer to be the 0% layer. Recalling @ is the number of layers
in the network, if i = @ + 1 then W; refers to weights on the edges in the affine transformation
contained within the softmax layer.

B.2 Smoothed Nonparametric Activations

To prove a generalization bound in the stability framework, we need to control the norm of the
weight matrices W and biases b in the affine transformations. In addition, we also need to control
the magnitude of the coefficients in the basis expansion. This does not affect the applicability of the
results from Hardt et al. (2015) as it at most reduces the expansivity of the updates. If we do so,
intuition suggests our choice of network topology and use of NPF(L,T') activation function should
have the necessary properties to apply Proposition 5.5 (due to Hardt et al. (2015)) given in the
main body of the paper.

However, unless the activation functions are smooth, the analysis will break down. As such,
we introduce a slightly modified version of the activation functions — in an epsilon neighborhood
about the points where the pieces of the function connect we smooth their joint by taking a convex
combination of the two pieces to smoothly transition from one to the other. To this end define the

following functions
k
L(z) =ag+ Y _ ajcos((—L + T)ir/L) + b sin((—L + T)ir /L),
=1

k
M(x) =ag+ Z aj cos(imx /L) 4 b;sin(irx /L),
=1
k
U(x) =ag+ Y _a;cos((L — T)ir/L) + b;sin((L — T)im/L).
i=1

for given L, T, k, (ag,...,ax), and (by,...,bx). Then the e-neighborhood smoothed nonparametric
activation functions are given by Definition B.1.
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Definition B.1. Given some sample size n, an interval [—L, L] and tail truncation 7" where
0 < T < L, the activation function NPF.(L,T) is parametrized by (ao,...,ax) and (by,...,bx)
given by

/

L(x) r < —L+T —e¢[Case 1]
%M(@-{—%L(w) —L+T—-e<z<-L+T+e¢[Case 2|

f(z) =< M(x) —L+T+e<x<L—-T-—c¢€[Case 3]
Ledtess N (z) + =L (z)  L—T—e<a2 < L—T+ ¢ [Case 4]
U(z) x> L —T + € [Case 5]

k grows with sample size n and is given by k = [n!/7].

Since we are concerned with behavior as € is made small — because we are approximating
NPF(T, L) with NPF (T, L) — assume without loss of generality that e < 1.

B.3 Statement and Proof of Main Results

With all the notation defined and technical considerations addressed, we can give in this section the
proof of Theorem 4.7 stated in Section 4.2.

Theorem B.2. Consider a fully connected network with a softmax output layer and NPF (L, T)
activation functions. Let () be the number of hidden layers, p be the number of nodes in each hidden
layer, and f denote the negative log-likelihood loss function. Then there exists a constant K, where

- VO(pRHEBQ 4 p2Q+1)/233Q-1T ) VO(pRHE3Q 4 p2Q+1)/230-1T)
K-max{(?( Q ,O QLQ ,

such that f is K-Lipschitz.

Proof. By Lemmas B.4, B.5, B.8 and B.9 such an K must exist. Note that the output of a
NPF(T, L) activation is in [—(k* + k + 1)N, (k* + k + 1) N]. Then, the computation is as follows,
using the aforementioned theorems:

® g1 — B=1
\/15k3+k2L) O <\/17k3+k2L>}

€ el

apet) o (25

e2L?

€2

p2k6+p3/2k5L> O<p2k,6+p3/2k.5L>}
) 212

€3 e3L3

(o
(o
fof
(o

p5/2k9+p2k8L> O (p5/2k9—|—p2k8L>}
)
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Above the transformations are listed with the bounds on their first partial derivatives. A simple
inductive argument yields for i > 2

.gi,

61—1 6z—le—l

i—17.3(i—1) (2i—3)/27.3i—4 i—17.3(i—1) (2i—3)/21.3i—4
B:max{o(p R 4 pa D L),o<p RD 4+ po D L)}

(2i—1)/22.3i | pi—12.3i—1 (2i—1)/22.3i 4 i—17.3i—1
B—max{(’)(p i ﬂ-p i ),(’)(p k,fp i )}

€ eL?
Using Lemma B.9 gives

K = max {0 (@(pQka + p‘2Q“)/2k3Q_1L)> 0 <x/@(pQ“k3Q +p(2Q+1)/2k3Q_1L)> } ,

€Q EQ LQ

concluding the proof. O

Theorem B.3. Consider a fully connected network with a softmax output layer and NPF (L, T)
activation functions. Let ) be the number of hidden layers, p be the number of nodes in each hidden
layer, and f denote the negative log-likelihood loss function. Then there exists a constant 3, where

3Q+5/21.9Q—2 2Q+Q+2k5><2Q+3QL2Q_1+1
_ prET R p
ﬂ = max {O (Q L2Q63Q_1 ) 70 (Q €2Q+Q 9

such that f is S-smooth.

Proof. By Lemmas B.4, B.5, B.8, B.10, B.11, B.14 and B.12 such a § must exist.
To compute this g, the aforementioned results are used as well as the computations from the
proof of Theorem B.2. The computation is as follows,

e g1 —B=0

(o2 ) 0 (s + 4+ £)
° 92—B=max{(’) (fﬁ ) ( k2L+ + \[k4)}
{o (5

( 2k10L2>}
e g3 B= max{ (25156> , ( 5/2k10L2>}

Above, next to each transformation, is the bound B on its second partial derivatives. The bounds

are computed with respect to L < 1 and L > 1, and then the maximum is taken over both cases.
By a simple inductive argument for ¢ > 2,
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2i—3/2.6i—8 2071 -1/2p5%2 " p2im?
p p
B = max {O <L2_262_3> O ( 2
2i—21.6i—2 20 —17.5x2% r2t-1
2k P k L
B:max{@(lﬂzem_l),(?( 62i )}

Using the bounds derived above, the bounds from Theorem B.2 and Lemma B.10 gives

3Q+5/21,9Q—2 294+Q+2,5x29+43Q 2971 +1
_ prETRTE D
ﬁ = max {O (Q LQQESQ_I ) ) (Q 62Q+Q .

O]

Having demonstrated that there exist constants K and [ such that f is K-Lipschitz and

B-smooth, we can proceed to the generalization bound.

Proof of Theorem 4.7. By Theorems B.2 and B.3 f is K-Lipschitz and S-smooth for some K and
sufficiently large that the desired result follows immediately from Proposition 5.5 (due to Hardt
et al. (2015)) given in the main body of the paper. O

B.4 Lipschitz Constant

We proceed layer by layer to obtain bounds on the first partial derivatives of the loss function —
which will allow us to bound the gradient. Lemma B.4 gives bounds for the first layer. The notation
a(w, z) denotes the output of a layer-wide activation transformation. g(w,z) denotes the output of

a layer-wide affine transformation.

Lemma B.4. Assume z € [—a,a]™. Now, consider the affine transformation g;(w) = Wiz + by
from R™ — RP, thus W; € R™*? and b € RP. Denoting by g1 (w, z); = Wi ;x + b1, it follows that
g1 has first partial derivatives bounded by max{1,a}.

Proof. Clearly, Vgi(w,z); =[1,...,1;2;0,...,0]. Thus it has first partial derivatives bounded by
max{1,a}. O

What if we have instead as input to the affine transformation a function of x, rather than x
itself? Then we have the Lemma B.5.

Lemma B.5. Let a;,_1(w,z) € [—a,a]’~!, the output of the (i — 1) layer in the network. Now,
consider the affine transformation

gi(w, z) = Wia;—1(w,z) + b;.
from RPi-1 — RPi. b; € R?. If we have the following assumptions:

e a;(w, ), has first partial derivatives bounded by B, and
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o [[Wijll2 <N.

Denoting by g;(w,z); = W ja;—1(w, x) + b; j, it follows that g;(w,z); has first partial derivatives
bounded by max{1,a,/nNB}.

Proof. We need to first examine

O0gi(w,x);  Ob;j 0

= Wz i—
s = Bt B 2% i1 (w,3)g
=1+0=1.
Next we have for any m,
0gi(w, x); 0b; ; 0
= : Wi jq@i-1(w,
OWi jm OWi jm M OWi jm ; datiz1 (0, T)g

Oa;_
=0+ aji—1(w,z)m + E Wiiaq aaWw g
q7Fm nhm

= ai—1(w, x)m

Partial derivatives with respect to all other parameters from the i** layer are clearly 0. If [ > i,
partial derivatives with respect to all parameters from the I** layer are clearly 0. If I < i,

b j ) g,
: Wz j,r g — ) r
MWima | Wi (2 dardiz1(w,)

8gi (wv x)j
8Wl,m,q

Oa;—1(w,x),
0+ZWW Wi

<N ”i—:l Oai1 (w, ), \* (Cauchy-Schwartz)
— - z
; r=1 aVVl’m’q ' "

<Vpi-1NB.

Likewise,
dg;(w, x
| gng )J| < Jpi_INB

and for the partial derivatives with respect to activation function parameters. It follows that the
transformations g;(w, ); have first partial derivatives bounded by max{1,a, \/pi—1NB}. O

Lemma B.6 provides a bound on the range of affine transformations of outputs of NPF (7', L)
activations.

Lemma B.6. Consider the affine transformation in layer 7, g;(w, z). Assume
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e All layers in the network have NPF (L, T') activations and that coefficients in these activations
are bounded by M,

e For all ¢ and j, ||[W; |]2 < N, and
e For all ¢ and j, |b; ;| < O.

Then, for all j, |gi(w,z);| < /Dic1(2k + 1)NM + O = O(\/pi—1k).

Proof. Recall that g;(w,z); = W; ja;—1(w, ) + b; j, thus by Cauchy-Schwartz and that im(sin) =
im(cos) = [—1,1],
\gi(w, l‘)]‘ < \/pi_l(Qk + 1)NM +0 = O(\/pi_lki).
O

Next, we bound the component functions of NPF.(L,T"). In addition, to derive asymptotic
bounds, we assume N,M, and O are constants as they are part of the training procedure and not
the network structure. We are more concerned with how the smoothness and continuity properties
change as n,k,L,T,Q and p; change. Also note that for the activation function NPF(L,T) to be
well defined, it must be that ¢ < L. We also assume € < 1.

Lemma B.7. Assume g;(w,z) € [—a,a]P" and that g;(w,x); has first partial derivatives bounded

by B. Further assume that |ag| < M and define f(w,x) = aqcos (W) Then f(w,x) has

dwjl\?B’ 1}'

first partial derivatives bounded by max{

Proof. Taking the derivative of f with respect to ag yields

gjd = 'cos <d7rgi(£u’$)j>' < 1.

Next if we take the derivative of f with respect to any weight from elsewhere in the network — some
z — we get

of draq 0g;(w,x); . (dngi(w,z);
- =— sin ,
0z L 0z L

and therefore that

g < dﬂ'ad agi(w,a:)j < dnMB
0z| — | L 0z - L
and so the partial derivatives of f are bounded by max{ d”% B 1}. O

Immediately from the proof to Lemma B.7 we see that an identical result holds if we replaced
cos with sin.

Lemma B.8. Let g;(w, z) € [—a,alPi~! and assume
e gi(w,x); has first partial derivatives bounded by B,

e All layers in the network have NPF (L, T') activations and that coefficients in these activations
are bounded by M,
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e For all ¢ and j, ||W; ||z < N, and
e For all ¢ and j, |b; ;| < O.

Consider the layer-wide activation transformation a;(w, ) where a;(w,x); is given by a function of
the type NPF(L,T). a;(w,z); then has first partial derivatives with bound

BI _ O <max { ,/pz'_lk‘SB + k‘2L ,/pi_lkgB + k‘2L })
el ’ € )

Proof. To bound the partial derivatives, first consider Cases 1 and 5, clearly the derivative with
respect to some parameter z is 0. For Case 3, by Lemma B.7,

‘ OM (gi(w, x);)
0z

2 2 2
G +/Z)MBW+(k2+k): (k +k)(fB+L)w:O(k2+kLB>

Next consider Case 2, we have

aaz (gz.(w, 2); —12-€L TV s +;€— 9w, 2)j m)j)>

_ % (gi(w,ff)j ;L — T+ GM(gi(w,x)j)> -~ Wiﬂgi(ww)y’)

- Mty + (B S - S g
__CmewmiL@mw%»a%gg»+<mmw»;f—T+?ang§@ﬂ

Both M(z) and L(x) are trivially bounded above by (k? + k + 1) M. Therefore

0 (gi(wx); +L-T+e
0z

M@mw@ﬁ+_L+T+€_%Wﬂhﬂwmw%0‘

2¢ 2¢ J
M(gi(w,x);) — L(gi(w,x);)\ 0gi(w,x); gi(w,z); + L —T + e\ OM(g;(w,x);)
= +
2€ 0z 2e 0z

<(k2+k+1)BM+ VPic1(2k+1)NM + O+ L+ €\ [ (k> +k)(MB+ L)«
- € 2¢ L

JPiik*B + K2 L /pi—1k®B + k%L
:O(max{ izl L+ , izl + })

€ €

By symmetry, we have the same bound for Case 4. Thus overall, the bound on the first partial
derivatives of a;(w, x); is

(’)(ma { A /pz'_lk‘3B + k2L A /pi_1k3B + k‘zL })
X
el ’ € ’

as for all values of k,B,L,e and p;_1 the bound for Cases 2 and 4 dominates the bound for Case
3. O

Finally, we turn to the top layer of the network.
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Lemma B.9. With the notation established in Appendix B, assume there are c classes, the network
has @ layers of affine transformations, and each gr,(w, z); has first partial derivatives bounded by B.
Then the loss function f is QB\/(pl + e+ Z?:l pi(pi—1 + 1)—Lipschitz. If all layers have p nodes,
then f is 2B1/(Q — 1)p? + (¢ + m + Q)p + c-Lipschitz. In asymptotic notation, it is K-Lipschitz
with K = O(BpV/Q).

Proof. Consider the partial derivative of f with respect to an arbitrary parameter z

[

of _ 9gr(w,z), 1 dg(w, z); |
0z 0z " 25:1 exp(gr(w, );) ; 0z exp(gr(w, x);).

By the assumption |W\ < Q. Therefore the following holds

c

_ Ogr.(w, ), N 1 Z 091, (w, x);
)

o/ c > exp(g;)
0z Zj:1 exp(gr(w, x); 0z

9z

j=1
k
1 Z Ogr(w, z);

ol ex w. )
Z;Zlexp(gL(w,x)j)jzl 92 p(grL(w,);)

<
- 0z

§B+‘maxamwv~’v>a‘
J 0z

<2B.

If layer 4 has p; nodes there are p; X p;—1 + p; = p;(pi—1 + 1) parameters corresponding to the affine
transformation from layer ¢ — 1 to layer ¢. Recall layer 0 is the input layer, so pg = m. Furthermore,
the affine transformation in the softmax has p; x ¢ + ¢ parameters. Thus the total number of

parameters in the network is
Q

(p+ e+ > pilpioa + 1),
i=1

which implies that f is 2B \/ (pr + e+ ZzQzl pi(pi—1 + 1)—Lipschitz. If all layers have the same
number of nodes, then the total number of parameters in the network is

@Q-1)p*+ (c+m+Q)p+c

and so in this case f is 2B+/(Q — 1)p? + (¢ + m + Q)p + c-Lipschitz. In asymptotic notation, it is
K-Lipschitz with K = O(Bp/Q). O

B.5 Beta-Smoothness

To derive the smoothness constant, we begin at the top of the network and work down, bounding
partial second derivatives of transformations in the network.
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Lemma B.10. With the notation established in Appendix B, assume there are ¢ classes and each
g; has first partial derivatives bounded by B; and second partial derivatives bounded by Bs. Then
the loss function f is 2((p; + 1)e + Y%, ps(pi—1 + 1)) (B} + Bz)-smooth. If all layers have p nodes,
then f is 2((Q — 1)p? + (¢ +m + Q)p + ¢)(B? + By)-smooth.
Proof. We begin by recalling from the proof of Lemma B.9 that for some arbitrary parameter z,

C

of _ dgr(w,z)y 1 dgr(w, ),
0: = 02 S ewly) ZZ; 5, explor(w,2)r).

Therefore differentiating again with respect to another parameter z yields

C

3 Ogr(w, z)i exp(gz(w, CC)I)] [Z W exp(gr (w, x)l)] x

0z
=1 =1

0% f 82gL(w,x)y B

020x 0z0x

-2

S explgp(w,a))|  +
Li=1 J

~ (gr(w,x);  Ogr(w,z) Ogr(w, )
;( 020z + 0z oz >exp(gL(w,a:)l) x

S explgr (w, )
Li=1 J

If we take the absolute value of both sides we can see that
o

< 2B? + 2B,.
0z0x| — L+ 2b

And therefore by Theorem C.3 it follows that

Q

|>‘maX(v2f)| <2((p+ e+ ZPi(Pi—l + 1))(3% + Ba).
i=1

Because V2 f is symmetric, its singular values are just the absolute values of its eigenvalues. Therefore
IV2f]]2 < 2n(B2+ By). By Lemma D.2, we have that f is 2(2(p;+1)c+ %, pi(pi_1+1))(B2+ Ba)-
smooth. If all layers have the same number of nodes, then

Amax(V21)] < 2((Q = Dp* + (e +m + Q)p+ ¢)(BY + Ba)
and so f is 2((Q — 1)p* + (¢ + m + Q)p + ¢)(B} + Ba)-smooth. O

Next, it is necessary to control the second partial derivatives of the affine transformations as the
first derivatives are bounded in Lemma B.5. This leads to Lemma B.11.

Lemma B.11. Let a;_1(w, x) € [~a,a]P"~1, the output of the (i — 1) layer in the network. Now,
consider the affine transformation

gl(wva:) = mai—l(wvx) + bi7

from RPi-1 — RPi. b; € R?. If we have the following assumptions:
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e a;(w,x), has first partial derivatives bounded by B,
e a;(w, ), has second partial derivatives bounded by Bs, and
o [[Wijll2 <N.

Denoting by g;(w, x); = W; ja;—1(w, x) + b; j, it follows that g;(w, z); has second partial derivatives
bounded by max{Bj, N,/pi_1B2}.

Proof. From the proof of Lemma B.5 we have that

and for any m
39KU%$%
= =g (w,
Wi jm (e
For some m # j and any g,
8‘4/2'7’,77’7(]
And, lastly, that the partial derivatives with respect to any parameter z in layer | < i
i
0gi(w, ) ZlW Oa;—1(w, x)
0z pt b 0z

We see then that for the first and third cases the second partial derivatives are zero. For the second
case above, the second partial derivatives are either 0 or bounded by B;. What remains then is to
check the fourth case. If we differentiate with respect to b; j,

0%gi(w, x); _0
azﬁmJ '
If we differentiate with respect to W; p, 4, for m # j,
0%gi(w, x); _0
828W6m%q '

If we differentiate with respect to W ; 4,

829i(w, x); _ Jda;—1(w,x)q

8z8ﬂ@dg aZ

Thus the only remaining case is if we differentiate with respect to some parameter 2z’ from a layer
I <

&gi(w, x); _piﬂ 0 dai—1(w,x)q

Pi—1

&%a;_ 1(w,x)q
=L Mo
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If we take the absolute value of both sides we get that

Pi—1

8gzwx 8azlwx)q
e = |2 W 500
Pi—1 2
0%a;_1(w,
<N ; (W) (Cauchy-Schwartz)
< Nypi-1B>
And therefore g;(w,x); has second partial derivatives bounded by max{B1, N\/pi—1B2}. 0

We also consider affine transformations on the input — although this is covered by Lemma B.11,
we can obtain a better bound directly.

Lemma B.12. Assume z € [—a,a]™. Now, consider the affine transformation g;(w) = Wiz + by
from R™ — RP, thus W € R™*P and b € RP. Denoting by g1 (w,z); = Wi ;2 + by 4, it follows that
g1 has second partial derivatives bounded by 0

Proof. Recall that from the proof of Lemma B.4 Vg (w,z); = [1,...,1;x;0,...,0]. Thus its second
derivatives are all 0. O

Finally, a bound is needed for the second partial derivatives of the NPF.(L,T) activations.

Lemma B.13. Assume g;(w,x) € [—a,al” and that g;(w, z); has first partial derivatives bounded
by B; and second partial derivatives bounded by Bs. Further assume that |ag|] < M and
define f(w,x) = agqcos (M) Then f(w,z) has second partial derivatives bounded by
max { drMLBo+d*m2MB?  qrB, }

L2 * T L
Proof. Recall from the proof of Lemma B.7 that taking the derivative of f(w,z) with respect to aq
yields
Of (w,x) o drgi(w, ) ?
Oag L

and that if we take the derivative of f(w,z) with respect to any weight from elsewhere in the
network — some z — we get

of(w,z) _ dmrag dgi(w, x); <in (dﬂ'gi(w,x)j>
L

0z L 0z

Now, if we take the derivative of

of 8(;1;90) with respect to some z we get

0 f(w, x) _ s drgi(w, z); dm 0gi(w, x);
Oag0z L L 0z

%wf) with respect to ag we get 0. If we take the derivative of
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and we can bound this as

dT('Bl
< .

0 f(w, )
L

Oag0z

Next if we take the derivative of W with respect to agy we get the same as above. Lastly we
of (wx)
0z

take the derivative of with respect to some 2z’ which gives

0% f(w, x) _ _dmaq %gi(w, x); sin drg;(w, x); _d2772ad 0gi(w,x); 0gi(w, x); cos drgi(w,x);
0207 L 0207 L L? 0z 0z L ’

which we can bound as

0% f(w, )

dmM By N d*m®*MB}  dnMLB; + d*r*M B}
0202 N ’

L L? L?

Therefore the second partial derivatives of f are bounded by max { dWMLBQJLFQd ZKQMB%, d’TLB ! } O
Lemma B.14. Let g;(w, z) € [—a,a]Pi~! and assume

e gi(w,x); has first partial derivatives bounded by B,

e gi(w,x); has first partial derivatives bounded by Bs,

e All layers in the network have NPF(L,T') activations and that coefficients in these activations
are bounded by M,

e For all ¢ and j, ||[W; |]2 < N, and
e For all ¢ and j, |b; ;| < O.

Consider the layer-wide activation transformation a;(w, x) where a;(w,x); is given by a function of
the type NPF.(L,T). a;(w,z); then has second partial derivatives bounded by

B -0 B2k? N B1k? N VPi—1k3(B1 + Bs) n k*B? k3B
o € € Le L2%¢ Le )

Proof. Without loss of generality we can assume that if B; # 0 that B; > 1, as these are upper
bounds. To bound the second partial derivatives, first note that Cases 1 and 5 have partial second
derivatives of 0 with respect to all parameters in the network. Next, in Case 3 we see from Lemma
B.13 that

k
‘32M(gi(w,x)j) <2y <d7rMLBZ + d*7? M B? N del>

0207 ot L? L
+ k) 9 T + k)mDy
k2 + K\rMLB K k2 k\ m2MB? (k*+k)rB
= -+ +z L+
- L2 3 2 6 L2 L
k*(By + Bs)  k*B?
_o( B L )
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for any two parameters z and z’. Denote
co=L—-—T+eandco=—-—L+T+e.

In Case 5 then, we can compute

Oaj(w,x); 0 <3gz‘(wa~’r)j M (gi(w,z);) n OM (gi(w, x);) gi(w,x); + c1

0202 07 0z 2¢ 0z 2¢
0gi(w, z); L(gi(w, z);)
0z 2¢
_ Pgi(w,x); M(gi(w, z);) N 9gi(w,z); OM (gi(w, x);) 1
0202’ 2¢ 0z 0z 2¢
N dgi(w, x); OM (gi(w, x);) 1 n 8> M (gi(w, x);) gi(w, x); + 1
0z 0z 2¢ 0207 2¢
~ Pgi(w,x); Lgi(w, z);)
0207 2¢

and then bound it, using B3 and B, as bounds on the first and second partial derivatives of M,
respectively,

82ai (U) Qi)j B% 2 B1Bs3 a—+c
—— < =+ k+ 1M B
‘ 0202 |7 € (K4 k+ DM+ € 5 2¢e
_ B2k? n B k? n VPii1k3(By + Bz) n k'B? n k3B? N k%(B1 + Bo)
€ € Le L2¢ Le L
+k3B§>
1.2
B3k?  Bik*  \/piak}(Bi+ B2)  kK'B}  k3B?
:(92+1+p1(12)+21+1.
€ € Le L?e Le
Since this bound dominates the one for Case 3, we are done. O

C Miscellaneous Background Results

Without proof we give the mean value inequality for vector valued function in Theorem C.1.

Theorem C.1. Let f be a differentiable vector valued function, that is f : A C R™ — R™. Then
for z,y € A, we have that

1f (@) = F)ll < 1D f(2) (= = y)lI,

where z is some point on the line segment connecting x,y. Here D f represents the Frechet derivative
of f, which can be represented in matrix form by the Jacobian.

When we want to bound the largest eigenvalue of the matrix, we can get a loose bound by the
sum of the entries of the matrix as in Theorems C.2 and C.3.

Theorem C.2. For some matrix norm || - ||, the spectral radius of the matrix A is upper bounded
by [|A[l-
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Proof. Take the eigenvector corresponding to the largest eigenvalue in magnitude of A. Denote this
pair by z, A\. Next define the matrix X = [z|---|z]. It follows then that AX = AX. Therefore

IANXIT = [IAX]] = [JAX]] < [[A[]]X]]
because matrix norms are sub-multiplicative, demonstrating |[A| < || A]]. O

Theorem C.3. Let A be a symmetric n X n matrix. Let the entries of the matrix be bounded
above by some constant k. It follows then that maxy |Ax(A)| < nk.

Proof. By Theorem C.2 we can see that

max | Ax(4)] < > (Ay)? < Vn2k? = nk.

17-]

D Results for Lipschitz and Smooth Functions

First note that if V f(z) is well defined everywhere and if ||V f(z)|| < L over the entire domain, it is
L-Lipschitz by the mean value theorem and an application of Cauchy-Schwartz. In the convex case,
the reverse is also true.

Lemma D.1. Take g to be a function from R® — R®. If ¢ is L-Lipschitz in each of its components,
g is v/nL-Lipschitz.

Proof. Consider any z,y € R". By the assumption we know that for i = 1,...,n |g:(z) — g;(y)|> <
L?||x — y||3. Therefore

n

D lgilx) = giy)]? < nL?x - yl[3,
=1

and, thus, the desired result that

lg(@) = gW)ll2 = | D lgi@) = gi(y)* < VaLllz = yll2.
i=1

O]

Directly from the definition it is difficult to prove a gradient to be Lipschitz continuous. However
we can utilize Lemma D.2.

Lemma D.2. For some twice differentiable function f: A C R®™ — R, f is S-smooth if its Hessian
is bounded by 8 with respect to the euclidean norm.
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Proof. Take the gradient V f which is a mapping A C R™ — R"™. We can apply the mean value
inequality for vector valued functions, Theorem C.1, which gives us

IVf(z) = VW)llz < IV f(2)(@ = y)ll2,

where z is on the line segment connecting  and y. Because of how the induced euclidean norm on
a matrix is defined it follows that

IV2f(2) (@ = y)ll2 < IV (2)l |2l = yll2 < Bllz — yl|2-
Combining the two equations above gives the desired result,
IVF(z) = Villz < Bllz —yll2.
O

The insight to take this approach to demonstrating S-smoothness is from Bach and Moulines
(2011).
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